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a b s t r a c t
This paper proves that ifG is a cubic graphwhich has a Hamiltonian path orG is a bridgeless
cubic graph of large girth, then its incidence coloring number is at most 5. By relating the
incidence coloring number of a graph G to the chromatic number of G2, we present simple
proofs of some known results, and characterize regular graphs Gwhose incidence coloring
number equals∆(G)+ 1.
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1. Introduction
Let G = (V , E) be a graph. An incidence in G is a pair (v, e) with v ∈ V (G), e ∈ E(G), such that v and e are incident. We
denote by I(G) the set of all incidences in G. Two incidences (v, e) and (w, f ) are adjacent if one of the following holds: (i)
v = w, (ii) e = f or (iii) the edge vw equals e or f .
A proper incidence coloring of G is a mapping from I(G) to the set of colors such that adjacent incidences are assigned
distinct colors. A k-incidence coloring σ of G is a proper incidence coloring such that the size of the color set is k. The incidence
coloring number χi(G) of G is the smallest k such that G admits a k-incidence coloring.
Incidence colorings have been introduced by Brualdi andMassey [3] in 1993.We denote themaximum degree of a graph
G by ∆(G). It is easy to see that for any non-empty graph G, χi(G) ≥ ∆(G) + 1. It was proved in [3] that for any graph
G, χi(G) ≤ 2∆(G) and they conjectured that the upper bound might be reduced to ∆(G) + 2. However, by observing
that the concept of incidence coloring is a particular case of directed star arboricity introduced by Algor and Alon [1],
Guiduli [5] proved that there exist graphs G with χi(G) ≥ ∆(G) + Ω(log∆(G)). On the other hand, Guiduli [5] proved
that χi(G) ≤ ∆(G)+O(log∆(G)) for any graph G. Although for general graphs G, χi(G) could be much larger than∆(G)+ 2,
Chen et al. [7] conjectured that this bound might still hold for cubic graphs.
Conjecture 1 ([7]). If G is a cubic graph then χi(G) ≤ 5.
They proved that this conjecture is true for Hamiltonian cubic graphs. In this paper, we prove that this conjecture is true
for bridgeless cubic graphs of large girth, and for cubic graphs that have a Hamiltonian path.
As mentioned above, ∆(G) + 1 is an obvious lower bound for χi(G). This lower bound is attained by some graphs, for
example, by trees and complete graphs. However, a characterization of all graphs G for which χi(G) = ∆(G) + 1 is not
known. We relate the incidence coloring number of G to the chromatic number of the square G2 of G. Using this relation, we
characterize regular graphs G for which χi(G) = ∆(G)+ 1.
The incidence coloring number of special classes of graphs have been studied by quite a few authors. Wang et al. [8]
proved that χi(G) = ∆(G) + 1 for any Halin graph G with ∆(G) ≥ 5 and χi(G) = ∆(G) + 1 for any outerplanar graph G
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with ∆(G) ≥ 4. In [4], Dolama et al. proved that χi(G) ≤ ∆(G) + 2k + 1 if G is a k-degenerate graph, χi(G) ≤ ∆(G) + 2 if
G is a K4-minor free graph and χi(G) ≤ ∆(G)+ 7 if G is a planar graph. In this paper, we prove that if G is a planar graph of
girth at least 7, then χi(G) ≤ ∆+ 5.
2. Cubic graphs
This section proves that if G is a cubic graph of large girth or a cubic graph which has a Hamiltonian path, then χi(G) ≤ 5.
First we introduce some notation and propositions. Suppose G is a graph. The square of a graph G (denoted G2) has the same
vertex set as G, in which two vertices u and v are adjacent iff distG(u, v) ∈ {1, 2}. The distance distG(e, f ) between two edges
e and f is the length of a shortest path whose first edge is e and whose last edge is f decreased by one. If H is a subgraph of a
graph G and H contains at least one edge, then the distance of an edge e ∈ E(G) from H is the distance of e from the closest
edge of H . We write N(H, k) for the subgraph induced by all the edges whose distance from H is at most k.
Proposition 1 ([6]). Every bridgeless cubic graph has a 1-factor.
Proposition 2 ([2]). Let A = (V , E) be a graph with maximum degree d, and let V = V1 ∪ V2 ∪ · · · ∪ Vr be a partition of V into
r pairwise disjoint sets. Suppose each set Vi is of cardinality |Vi| ≥ 2ed, where e is the basis of the natural logarithm. Then there
is an independent set of vertices W ⊆ V , that contains a vertex from each Vi.
Theorem 1. If a bridgeless cubic graph G with girth g(G) ≥ 29e, then χi(G) ≤ 5.
Proof. By Proposition 1, every bridgeless cubic graph has a 1-factorM . Suppose G − M is the edge disjoint union of cycles
C1, C2, . . . , Cn.
Claim: There is a set of edges e1, e2, . . . , en such that ei ∈ Ci such that distG(ei, ej) ≥ 7 for i 6= j.
Proof of Claim. Let H be the graph with vertex set E(C1) ∪ E(C2) ∪ · · · ∪ E(Cn), in which e ∼ e′ if distG(e, e′) ≤ 6. Then
H has maximum degree at most 28. Since |E(Ci)| ≥ 29e, by Proposition 2, there are ei ∈ Ci such that {e1, e2, . . . , en} is an
independent set of H . i.e., distG(ei, ej) ≥ 7 for i 6= j. 
Let ei = xiyi ∈ Ci such that distG(ei, ej) ≥ 7 for i 6= j and T = ∪ni=1(Ci − ei). Observe that T is a forest with maximum
degree 2, so χ(T 2) = 3. Let f be the mapping from V (T ) to {1, 2, 3} defined as f (v) 6= f (w) if distT (v,w) ∈ {1, 2}.
For i = 1, 2, . . . , n, let c(xi) (respectively, c(yi)) be the unique color in {1, 2, 3}− {i | f (v) = i, v ∈ NT [xi]} (respectively,
in {1, 2, 3} − {i | f (v) = i, v ∈ NT [yi]}), where NT [x] = NT (x) ∪ {x}. Let x′i , y′i be the neighbour of xi and the neighbour of yi
inM , respectively. We define a coloring of the incidences as follows:
Start with σ(u, e) =

f (v), if e = uv ∈ T ,
4, if u = xi, e = xiyi or u = y′i, e = y′iyi,
5, if u = yi, e = yixi or u = x′i, e = x′ixi,
c(xi), if u = xi, e = xix′i,
c(yi), if u = yi, e = yiy′i.
For each other matching edge e = xy, arbitrarily color the two incidences (x, xy) and (y, yx) by colors 4 and 5. If for each
i ∈ {1, 2, . . . , n}, c(xi) = f (x′i) and c(yi) = f (y′i), then the coloring defined above is a proper incidence coloring of G.
Assume that for some i ∈ {1, 2, . . . , n}, c(xi) 6= f (x′i). Then there is a neighbour of x′i in T , say x′′i , such that f (x′′i ) = c(xi).
In this case, the coloring defined above is not a proper incidence coloring, because the two incidences (x′i, x
′
ix
′′
i ) and (xi, xix
′
i)
are both colored by color c(xi). In this case, we re-color the incidence (x′i, x
′
ix
′′
i )with color 4. Let e = x′′i v be thematching edge
incident to x′′i . Originally the incidences (x
′′
i , x
′′
i v) and (v, vx
′′
i ) are arbitrarily colored by colors 4 and 5. Nowwe interchange
their colors if necessary, so that (x′′i , x
′′
i v) is coloredwith color 5 and (v, vx
′′
i ) is coloredwith color 4. Similarly, if c(yi) 6= f (y′i),
then there is a neighbour of y′i in T , say y
′′
i , such that f (y
′′
i ) = c(yi).We re-color the incidence (y′i, y′iy′′i )with color 5.Moreover,
let y′′i u be thematching edge incident to y
′′
i . We interchange the colors of (y
′′
i , y
′′
i u) and (u, uy
′′
i ) if necessary, so that (y
′′
i , y
′′
i u)
is colored with color 4 and (u, uy′′i ) is colored with color 5. The changes we make are limited to a distance 3 from xi.
Observe that if (u, e) is an incidence whose color has been changed in the process above, then there is a unique index
i ∈ {1, 2, . . . , n} such that the change of the color of the incidence (u, e) occurs when considering ei = xiyi. Moreover, if e
is not anM-edge, then distG(e, ei) = 2; if e is anM-edge, then distG(e, ei) = 3. Since distG(ei, ej) ≥ 7 for i 6= j, the changes
of the colors of these incidences do not affect each other. Therefore the resulting coloring is a proper incidence coloring of
G. 
It was proved in [7] that every cubic graphGwith aHamiltonian cycle hasχi(G) ≤ 5.We strengthen this result by proving
the following theorem.
Theorem 2. If a cubic graph G has a Hamiltonian path, then χi(G) ≤ 5.
3868 J. Wu / Discrete Mathematics 309 (2009) 3866–3870
Proof. Suppose that the order of G is n. Let Pn = x1x2 · · · xn be a Hamiltonian path of G. Let xj and xk be the neighbours of
x1 in E(G)− E(Pn) and xl and xm be the neighbours of xn in E(G)− E(Pn). Since G is a cubic graph, the vertices xj, xk, xl, and
xm are distinct. If {l,m} ∩ {j− 1, k− 1} 6= ∅, then G has a Hamiltonian cycle. By the above mentioned result of [7], G has a
5-incidence coloring. So wemay assume that {l,m}∩{j−1, k−1} = ∅, that is, there are at most two edges between {xj, xk}
and {xl, xm}. Moreover, the edges between {xj, xk} and {xl, xm} is in E(Pn).
Let f be a 3-coloring of the vertices of G with colors 1, 2, 3, such that f (xi) ≡ i (mod 3). Note that f is not necessarily
a proper vertex coloring of G, but it is a proper vertex 3-coloring of Pn. To produce a 5-coloring of the incidences of G, we
shall first color the incidences (u, e) for which e is an edge of Pn as follows: Let σ(xi−1, xi−1xi) = f (xi) for i = 2, . . . , n and
σ(xi+1, xi+1xi) = f (xi) for i = 1, 2, . . . , n− 1. Let c(xn) be the unique color in {1, 2, 3}− {i | f (v) = i, v ∈ NPn [xn]}. To color
the remaining incidences, we divide into two cases.
Case 1. Assume that either there is no edge between {xj, xk} and {xl, xm} or there is at least one edge, say xjxl, between
{xj, xk} and {xl, xm}, and f (xl) 6= 3, f (xj) 6= c(xn).
In this case, we divide into two subcases under the assumption of case 1.
Case 1.1. We assume that c(xn) 6= 3 or there are no vertices xs ∈ NPn(xj) ∩ NPn(xl) such that f (xs) = 3. Let
σ(xj, xjx1) = σ(xk, xkx1) = 4,
σ (x1, x1xj) = 3, σ (x1, x1xk) = 5,
σ (xl, xlxn) = σ(xm, xmxn) = 5,
σ (xn, xnxl) = c(xn), σ (xn, xnxm) = 4.
If f (xj) = 3 and f (xl) = c(xn), then the coloring defined above is a proper partial incidence coloring of G. The remaining
edges form a matchingM of G. For eachM-edge e = xy, we arbitrarily color the two incidences (x, xy) and (y, yx) by colors
4 and 5. The resulting coloring is a proper incidence coloring of G.
Assume that f (xj) 6= 3 or f (xl) 6= c(xn) or both. If f (xj) 6= 3, then either f (xj+1) = 3 or f (xj−1) = 3. Let xj′ be the neighbour
of xj in Pn such that f (xj′) = 3. We re-color the incidence (xj, xjxj′) by color 5. If f (xl) 6= c(xn), then either f (xl+1) = c(xn) or
f (xl−1) = c(xn). Let xl′ be the neighbour of xl in Pn such that f (xl′) = c(xn). We re-color the incidence (xl, xlxl′)with color 4.
Note that xj′ and xl′ are distinct vertices (otherwise, if xj′ = xl′ then c(xn) = f (xl′) = f (xj′) = 3 and xl′ ∈ NPn(xj) ∩ NPn(xl)
such that f (xl′) = 3, contrary to our assumption). After these re-coloring, we obtain a proper partial incidence coloring of
G. The remaining edges form amatchingM of G. For eachM-edge e = xy, we arbitrarily color the two incidences (x, xy) and
(y, yx) by colors 4 and 5. However, if y = xj′ , then we require that (x, xxj′) be colored by color 5. If y = xl′ , then we require
that (x, xxl′) be colored by color 4. The resulting coloring is a proper incidence coloring of G.
Case 1.2. Assume that c(xn) = 3 and there is a vertex xs ∈ NPn(xj) ∩ NPn(xl) such that f (xs) = 3. Let
σ(xj, xjx1) = σ(xk, xkx1) = 4,
σ (xl, xlxn) = σ(xm, xmxn) = 4,
σ (x1, x1xj) = σ(xn, xnxl) = 3,
σ (x1, x1xk) = σ(xn, xnxm) = 5.
We re-color the incidence (xj, xjxs) and (xl, xlxs) by color 5. The remaining edges form amatchingM ofG. For eachM-edge
e = xy, we arbitrarily color the two incidences (x, xy) and (x, yx) by colors 4 and 5. However, if y = xs, then we require that
(x, xxs) be colored by color 5. The resulting coloring is a proper incidence coloring of G.
Case 2. There is at least one edge, say xjxl, between {xj, xk} and {xl, xm}, and f (xl) = 3 or f (xj) = c(xn).
In this case, first we assume that f (xl) 6= 3 and f (xj) = c(xn). Let
σ(xj, xjx1) = σ(xk, xkx1) = 4,
σ (x1, x1xj) = 5, σ (x1, x1xk) = 3,
σ (xl, xlxn) = σ(xm, xmxn) = 4,
σ (xn, xnxl) = c(xn), σ (xn, xnxm) = 5.
We re-color the incidence (xl, xlxj) by color 5. If f (xk) = 3, then the coloring defined above is a proper partial incidence
coloring of G. The remaining edges form amatchingM of G. For eachM-edge e = xy, we arbitrarily color the two incidences
(x, xy) and (y, yx) by colors 4 and 5. The resulting coloring is a proper incidence coloring of G. If f (xk) 6= 3, then either
f (xk+1) = 3 or f (xk−1) = 3. Let xk′ be the neighbour of xk in Pn such that f (xk′) = 3. We re-color (xk, xkxk′) by color 5. The
remaining edges form amatchingM of G. For eachM-edge e = xy, we arbitrarily color the two incidences (x, xy) and (y, yx)
by colors 4 and 5. However, if y = xk′ , then we require that (x, xxk′) be colored by color 5. The resulting coloring is a proper
incidence coloring of G.
Now, assume that f (xl) = 3. Let
σ(xj, xjx1) = σ(xk, xkx1) = 4,
σ (x1, x1xj) = 3, σ (x1, x1xk) = 5,
σ (xl, xlxn) = σ(xm, xmxn) = 4,
σ (xn, xnxl) = 5, σ (xn, xnxm) = c(xn).
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We re-color the incidence (xj, xjxl) by color 5. If f (xm) = c(xn), then the coloring defined above is a proper partial
incidence coloring of G. The remaining edges form a matchingM of G. For eachM-edge e = xy, we arbitrarily color the two
incidences (x, xy) and (y, yx) by colors 4 and 5. The resulting coloring is a proper incidence coloring of G. If f (xm) 6= c(xn),
then either f (xm+1) = c(xn) or f (xm−1) = c(xn). Let xm′ be the neighbour of xm in Pn such that f (xm′) = c(xn). We re-color
the incidence (xm, xmxm′) by color 5. The remaining edges form a matching M of G. For each M-edge e = xy, we arbitrarily
color the two incidences (x, xy) and (y, yx) by colors 4 and 5. However, if y = xm′ , then we require that (x, xxm′) be colored
by color 5. The resulting coloring is a proper incidence coloring of G. 
The following proposition is easy, and its proof is omitted.
Proposition 3. If a graph G has k edge disjoint subgraphs H1,H2, . . . ,Hk, then χi(G) ≤ Σki=1χi(Hi).
Corollary 1. If a graph G has k edge disjoint Hamiltonian cycles and the number of vertices of G is a multiple of 3, then
χi(G) ≤ 2∆− k.
Proof. Suppose G has k edge disjoint Hamiltonian cycles C1, C2, . . . , Ck. Since χi(Ci) = 3 for all i, χi(G) ≤ 2∆ − k by
Proposition 3. 
3. Relation between the coloring of incidences of G and the square of G
The square of a graph G (denoted G2) has the same vertex set as G, in which two vertices u and v are adjacent iff
distG(u, v) ∈ {1, 2}. Since ω(G2) ≥ ∆(G)+ 1 and∆(G2) ≤ ∆2(G),∆(G)+ 1 ≤ χ(G2) ≤ ∆2(G)+ 1.
Theorem 3. For any graph G, χi(G) ≤ χ(G2).
Proof. Suppose χ(G2) = k and let f be a k-coloring of G2. Let σ be the mapping from I(G) to the set of colors {1, 2, . . . , k}
defined as σ(w,wv) = f (v) for any incidence (w,wv) ∈ I . If incidences (v, e) and (w, f ) are adjacent, then distG(v,w) ∈
{1, 2}. Therefore, σ is a k-incidence coloring. 
Some known results can be easily derived from Theorem 3. It can be easily proved by induction on the number of vertices
that for any tree T , χ(T 2) = ∆(T )+ 1. Therefore we have the following corollary:
Corollary 2 ([3]). For any tree T , χi(G) ≤ χ(G2) = ∆(G)+ 1.
Corollary 3 ([3]). For any complete bipartite graph Km,n, χi(Km,n) ≤ ∆(Km,n)+ 2.
Proof. LetM be the maximummatching of Km,n, and let G = Km,n −M . For uv ∈ M , distG(u, v) > 2. Therefore, in coloring
G2, u, v can be colored by the same color. So χ(G2) ≤ max{m, n} = ∆(Km,n). Since χi(M) = 2, χi(Km,n) ≤ ∆(Km,n) + 2 by
Proposition 3. 
In [9], Wang and Lih proved that if G is a planar graph with girth g(G), then χ(G2) ≤ ∆(G)+5 when g(G) ≥ 7. Therefore
we have the following corollary:
Corollary 4. If G is a planar graph and has girth at least 7, then χi(G) ≤ ∆(G)+ 5.
In the following, we discuss the problem for which graph G, χi(G) = ∆(G)+ 1.
Lemma 1 ([8]). If there exists a (∆ + 1)-incidence coloring σ of G and v is a ∆(G)-vertex, then σ(x, xv) = σ(y, yv) for
x, y ∈ NG(v).
Theorem 4. If H is a subgraph of G such that the degree of every vertex of H is either ∆(G) or 1 and χi(G) = ∆(G) + 1, then
χ(H2) = ∆(G)+ 1.
Proof. Let σ be a (∆+1)-incidence coloring of G. By Lemma 1, σ(x, xv) = σ(y, yv) for every vertex v ∈ H and x, y ∈ NG(v).
Let f be a mapping from V (H) to the set of colors {1, 2, . . . , k} defined as f (v) = σ(w,wv) for every vertex v ∈ H . Since
σ(x, xv) = σ(y, yv) for every vertex v ∈ H , f is well defined. Hence, f (v) 6= f (w) for every distH(v,w) ∈ {1, 2}, otherwise
σ is not a incidence coloring of G. Therefore, χ(H2) ≤ ∆(G)+ 1. 
Combining Theorems 3 and 4, we obtain the following corollary.
Corollary 5. Suppose G is a regular graph. χi(G) = ∆(G)+ 1 if and only if χ(G2) = ∆(G)+ 1.
Corollary 6. If an outerplanar graph Gwithmaximum degree 3 contains a subgraph H as shown in Fig. 1, thenχi(G) > ∆(G)+1.
3870 J. Wu / Discrete Mathematics 309 (2009) 3866–3870
Fig. 1. Subgraph H .
Proof. Suppose χi(G) ≤ ∆(G) + 1 = 4. By Theorem 4, χ(H2) = ∆(G) + 1 = 4. Since H contains a cycle with length 5,
χ(H2) ≥ 5, which is a contradiction. 
Proposition 4. If G is an n-regular graph and f is a proper (n + 1)-coloring of the vertices of G2, then |f −1(i)| = |f −1(j)| for
i, j ∈ {1, 2, . . . , n+ 1} where f −1(k) = {v ∈ V (G) | f (v) = k}. Moreover, the number of vertices of G is a multiple of n+ 1.
Proof. We use induction on n. For n = 1, G is a matching. Obviously, the statement holds. Now suppose n ≥ 2, G is an
n-regular graph and f is a proper (n+1)-coloring of the vertices of G2. Note that {f (v) | v ∈ N[x]} = {1, 2, . . . , n+1} for all
x ∈ V (G). So each vertex x is either colored by colorn+1, or is adjacent to exactly one vertex of colorn+1. LetG′ be an induced
subgraph of Gwith vertex set V (G) \ f −1(n+ 1). Then G′ is a (n− 1)-regular graph andΣni=1|f −1(i)| = n|f −1(n+ 1)|. Since
G′ is a (n− 1)-regular graph and f is a proper n-coloring of the vertices of (G′)2, |f −1(i)| = |f −1(j)| for i, j ∈ {1, 2, . . . , n} by
induction hypothesis. BecauseΣni=1|f −1(i)| = n|f −1(n+1)| and |f −1(i)| = |f −1(j)| for i, j ∈ {1, 2, . . . , n}, |f −1(i)| = |f −1(j)|
for i, j ∈ {1, 2, . . . , n+ 1}. Therefore, the number of vertices of G is a multiple of n+ 1. 
Combining Corollary 5 and Proposition 4, we obtain the following corollary.
Corollary 7. If G is a regular graph and χi(G) = ∆(G)+ 1, then the number of vertices of G is a multiple of ∆(G)+ 1.
Corollary 8. If G is a cubic Halin graph such that the number of vertices of G is not amultiple of ∆(G)+1, thenχi(G) > ∆(G)+1.
Wang et al. [8] proved that χi(G) = ∆(G) + 1 for any Halin graph G with ∆(G) ≥ 5. However, for Halin graphs with
maximum degree 4, whether its incidence coloring number is equal to∆(G)+ 1 or not is still an open question.
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